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Flux-Line Lattice and Surface Barrier in a Nb/Al Multilayer
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The interaction of the flux line and the surface in a Nb/Al multilayer was studied with DC
magnetization measurements for a magnetic field applied nearly parallel to the film surface and
with a Gibbs free-energy calculation. Peaks were observed in the M − H curves above the lower
critical field, and a free-energy minimization calculation showed that the peak positions matched
well with flux-line transitions of 1 row to 2 rows and 2 rows to 3 rows. When the field is applied
at a small angle to the surface, an extra peak at small field, that was missed for a parallel field,
was observed. With the free-energy calculation, we found that the extra peak corresponded to the
lower critical field for flux-lines running parallel to the surface (Hc1‖). We point out that the flux
lines in a thin-film superconductor follow the field applied with a sightly tilted angle to the surface
for Hc1⊥ < Hsinθ and Hcosθ < Hc1‖, and rotate to be parallel to the surface at Hcos θ ' Hc1‖.
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I. INTRODUCTION

In a type-II superconductor, magnetic vortices have
been widely investigated theoretically as well as exper-
imentally [1,2]. As a magnetic field is applied parallel
to the surface of a superconducting film, the vortices not
only feel a mutual repulsion but also the effects of the
surfaces. The Bean-Livingston surface barriers [3,4] play
an important role in the motion of vortices into and out
of the superconductor. When the film thickness (t) is
comparable to the London penetration length (λL), the
interaction of flux lines with the surfaces strongly in-
fluence the flux-line orderings [5, 6]. Unusual peaks in
a M-H curve above the lower critical field (Hc1) have
been observed from superconducting films by using sev-
eral different techniques, including electron tunneling [7],
microwave absorption [8], resistivity [9], superconduct-
ing channel devices [10], SQUID magnetization [5, 11],
torque magnetization [6], and vibrating reeds [12, 13].
Using a model calculation for minimizing the Gibbs free
energy, Guimpel et al. [5] have suggested that the peaks
could be due to a flux-line transition for spatial rear-
rangement. The idea of the free-energy minimization has
been further developed by Brongersma et al. with Monte
Carlo simulations [6]. The previous model calculations
were applicable in only the thin-film limit where the film
thickness was much smaller than the London penetration
length. We applied the model for the free-energy min-
imization, without using an approximation, to the case
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of t ' λL and found that the peaks agree well with the
matching fields of flux-line transitions. Some aspects of
this work have been previously investigated, our study
improves on these by using careful measurements on a
Nb/Al multilayer and free-energy calculations to show
that the first peak observed at a tilted field is not due to
a flux-line transition. From the free-energy calculation,
we found that the extra peak position matched with the
lower critical field for flux-lines running parallel to the
surface. To our knowledge, we were the first to find that
a peak in the M − H curve above Hc1 was not related
to a flux-line matching field and that the peak could be
missed for fields applied parallel to the surface. We also
present the lower critical field models for a superconduc-
tor which has a smooth surface, comparing the model
calculations to the cases of YBa2Cu3O7−x (YBCO) and
Nb superconducting films.

In this paper, the model calculation for minimizing free
energy is discussed in Sec. II, and the experimental de-
tails and the magnetization measurements are presented
in Sec. III. We discuss the results in Sec. IV and sum-
marize the main conclusions in Sec. V.

II. MODEL CALCULATION

As vortices run parallel to the surface of a supercon-
ducting film, the vortices interact with the surface as
well as other vortices. The total Gibbs free energy of a
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Fig. 1. Schematic diagram showing a vortex located at
zo and the series images generated by the two boundaries.
Directions of the vortices are indicated by •(out) and x(in).

Fig. 2. Gibbs free energy as a function of the applied field
with the vortices in 1 row (dashed line) and 2 rows (solid
line). The inset at the lower left shows the configurations
of the vortices, and the inset at the upper right shows the
magnetization corresponding to the minimum free energy.

superconductor with N vortices is described as [4]

G = G0 +
1

2µo

∫
VS

dv {Φ · (2BL +BV − 2µoH)} ,(1)

where G0 is the free energy for the system without vor-
tices, µo is the permeability in vacuum, VS is the volume
of the superconductor, Φ is the vorticity, BL is the mag-
netic screening field, BV is the magnetic field due to
the vortices, and H is the external field. The magnetic
field in a superconductor could be derived by solving the
London equation:

B + λ2
L∇×∇×B = Φ. (2)

For the Meissner region (Φ = 0), the magnetic field,
which is a surface screening field, is taken to be

BL = µoH
cosh(z/λL)
cosh(t/2λL)

x̂, (3)

where t is the total thickness of the superconducting film
and the applied field is along the x-axis. If an isotropic
and uniform superconductor is assumed, the vorticity
with N vortices is

Φ = Φo

k=N∑
k=0

δ(r − rk)x̂, (4)

where Φo is a flux quantum 2.067× 109 G Å2, rk is the
location of the kth vortex, and the vortices are oriented
along the x-axis. For a single vortex (Φo = δ(r− ro)) in
the superconductor, the magnetic field due to the vortex
is

BV =
Φo

2πλ2
L

K0

(
|r − ro|
λL

)
x̂, (5)

where K0 is a modified Bessel function of the zeroth or-
der. A thin film has two boundaries, and the total mag-
netic field (BL + BV ) should satisfy for the boundary
condition, so BV should vanish at the surfaces. We em-
ploy image vortices to solve this boundary problem, as
shown in Fig. 1. The local magnetic field due to the
vortex and its images can be described as

BV =
Φo

2πλ2
L

n=∞∑
n=−∞

(−1)nK0

(√
(z − nt− (−1)nzo)2 + (y − yo)2

λL

)
x̂, (6)

where n = 0 is for a real vortex and the other terms are for the images. With the same idea for a single vortex, the
magnetic field at r (y,z) due to N vortices is

BV =
Φo

2πλ2
L

k=N/2∑
k=−N/2

n=∞∑
n=−∞

(−1)nK0

(√
(z − nt− (−1)nzk)2 + (y − yk)2)

λL

)
x̂. (7)

The total free energy of a thin-film superconductor
with N vortices can be obtained from Eq. (1) by sub-
stituting Eqs. (3), (4), and (7) for BL, Φ, and BV ,
respectively. In simplifying the free-energy calculation,
previous studies [6,14] have used an approximation for

BV which is valid only in the limit of λL � t. Since
this approximation is not applicable for λL < t, we use
Eq. (7) where we count term by term in the summation.
With a London penetration length of 1800 Å and a coher-
ence length (ξ) of 113 Å (these numbers will be discussed
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Fig. 3. Gibbs free energies as a function of the vortex
position at different applied fields.

later), the free energy was calculated for increasing ex-
ternal field, as shown in Fig. 2. We assumed that the
magnetic field within the core of the vortex was uniform
with the same value at z = zk ± ξ. This assumption is
valid for a large value of the Ginzburg-Landau parameter
(λL(T )/ξ(T )), and most type-II superconductors satisfy
this condition. In the calculations, only the density of

vortices was varied for minimizing the free energy with
the positions of the vortex rows fixed, such that z = 0 is 1
row, z = -t/6 and t/6 are two rows, and so on. When the
applied field is 850 Oe, the superconductor allows vor-
tex entrance to decrease the free energy of the system,
and the vortices stay in the middle line of the film until
the applied field reaches 2200 Oe. For µoH > 2200 Oe,
the energy for two rows of vortices is smaller than that
for the one-row configuration. The 2 → 3 row transition
occurred at 3900 Oe. The inset shows the magnetiza-
tion corresponding to the minimum free energy. This
free-energy calculation with vortices was made under an
equilibrium condition where vortices could enter the su-
perconductor whenever the system needed vortices [15].
For a superconductor with smooth surfaces, the Bean-
Livingston surface barrier prevents vortex entrance so
that the lower critical field may be different from the
one for the equilibrium state.

With the same free-energy model, we could also calcu-
late the lower critical field (Hc1‖) with the surface barrier
included. For a single vortex (Φ = Φoδ(z−zo)δ(y−yo)x̂),
the total magnetic field was obtained by summing Eqs.
(3) and (6). If the total magnetic field is put into Eq.
(1), the free energy is

G = G0 + ΦoµoH(
cosh(zo/λL)
cosh(t/2λL)

− 1) +
Φ2

o

4πλ2
L

{
n=∞∑
n=−∞

(−1)nK0

(
|(zo − nt− (−1)nzo)|

λL

)}
, (8)

where the vortex position is zo. The free energy de-
pends on the vortex position and the applied field,
as shown in Fig. 3. The lower critical field, µoHc1

(Φo/(4πλ2
L)K0(ξ/λL) ), for a bulk superconductor is cal-

culated to be 150 Oe with λL = 1800 Å and ξ = 113
Å. The calculation indicates that a vortex cannot enter
the superconductor at a field of 150 Oe. When the free
energy is zero, the system is at equilibrium. For our
system, the equilibrium state occurs at the applied field
of 850 Oe when the vortex is located in the middle of
the film. If no surface barrier exists, a vortex can en-

ter the superconductor at the field for the equilibrium
condition. However, this is not so for a superconductor
with smooth surfaces, and the vortices cannot enter the
superconductor until the surface barrier disappears near
the surface. At µoH = 1100 Oe, the maximum value of
the free energy is nearly zero, and the vortex position
for the maximum is about a coherence length from the
surface. That distance may be thought of as a required
minimum length for a vortex to be nucleated near the
surface. With this condition, G − G0 = 0, µoHc1 is

µoHc1 =
Φo

4πλ2
L

1
1− cosh(zo/λL)/ cosh(t/2λL)

K0

(
ξ

λL

)
+

∞∑
n=−∞,n 6=0

(−1)nK0

(
|[1− (−1)n]zo − nt|

λL

) . (9)

Using Eq. (9), three different lower critical fields can be
derived. The lower critical field (Hc1‖) for a vortex run-
ning parallel to a smooth surface can be obtained using

zo =t/2− ξ. Using zo = 0 at the equilibrium condition,
Hc1‖e is obtained, and the Hc1 for a bulk superconductor
is derived from the thick limit (t → ∞), assuming that
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Fig. 4. Lower critical field calculated as a function of the
film thickness with the different models.

Table 1. Peak positions (Oe).

Tilt angle Temperature (K) 1st 2nd

0.0◦ 2.0 2250 3900

2.5◦ 2.0 950 2250

1.0◦ 4.5 800 2050

the vortex is located away from the surfaces.
Several models have been studied for the lower critical

field, as shown in Fig. 4. The Hc1 for a bulk superconduc-
tor is from the Ginzburg-Landau theory [1,4]. However,
it is not very useful for a thin-film superconductor be-
cause the theory does not effectively take into account
the surface and the boundary effects. The lower criti-
cal field model for the equilibrium condition developed
by Abrikosov [15] is very useful for a film superconductor
with a large surface roughness that reduces the surface ef-
fect. As shown in Fig. 4, the lower critical field predicted
by Abrikosov’s model is eventually the same as the Hc1

for a bulk superconductor for thick films. Brongersma
et al. [6] also studied a model of the lower critical
field in the thin-film limit (λL � t). The Hc1‖ predicted
by our model is similar to that predicted by Abrikosov’s
model for a thin film. However, as the thickness gets
larger, our model shows larger Hc1 values than not only
the prediction of the bulk model but also the prediction
of Abrikosov’s model. That is not too surprising because
our model accounts for the surface effect independently
of the thickness. The Hc1‖ model is valid for only the
case of the parallel vortices entering a superconductor
through a smooth surface instead of being nucleated in
the middle of the superconductor.

III. MEASUREMENT AND RESULTS

The details of the preparations and characterizations
of the multilayered specimen, Nb/[Nb(72 Å)/Al(20 Å)]

Fig. 5. Magnetic moments measured from a Nb/Al mul-
tilayer at 2 K and 4.5 K. Vertical arrows indicate the peaks.
Data for 4.5 K were magnified by 5 times for clarity.

× 20, are described elsewhere [16]. Glancing incident X-
ray reflectivity measurements showed a well-structured
multilayer with a total thickness of 2020 Å. The London
penetration length was determined to be 1800 ± 200 Å
by using spin-polarized neutron reflectivity. For the mag-
netization measurements, the samples were mounted on
an extended sample holder placed in a cryostat so that
the film surface was nearly parallel to the applied field of
the SQUID magnetometer. The sample was zero-field
cooled. Figure 5 shows ascending-field magnetic mo-
ments measured from the multilayer at 2 and 4.5 K. The
magnetization reveals small peaks (indicated by vertical
arrows). The peak positions are summarized in Table
1. The first peak was observed at a tilted field of ∼950
Oe. However, the first peak is missing for the no-tilt field
under 2 K.

In order to identify the peaks, we compare the peak
positions and the flux-line transition fields discussed in
Sec. II. For the free-energy minimization calculation,
two characteristic lengths, λL and ξ, are required. From
the magnetization measurement for the field with no tilt,
shown in Fig. 5, µoHc1‖ is 1100 ± 100 Oe. With the mea-
sured lower critical field (Hc1‖) and Eq. (9), ξ is ∼113
Å. The flux-line transition fields with λL = 1800 Å and
ξ = 113 Å were determined, as shown in Fig. 2. From
the calculations, it is clear that the first flux-line transi-
tion occurs around 2200 Oe, not near 950 Oe at which
the first peak was observed in the SQUID magnetization
measurement. Although the anisotropy of the Nb(72
Å)/Al(20 Å) multilayer should be taken into account
for the free-energy calculation, Brongersma et al. [6]
have shown that the anisotropy in a Nb(100 Å)/Cu(100
Å) multilayer is negligible in the free-energy calculation.
Thus, our calculated result is probably not affected by
the anisotropy effect very much.

Surprisingly, the measured first peak (950 Oe) at the
tilted field is very comparable to the lower critical field
for the equilibrium condition (850 Oe), as shown in Fig.
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Fig. 6. Magnetic moments measured from 2500-Å-thick
YBa2Cu3O7−x (open-circles) and 1440-Å-thick Nb (closed-
circles) films. Please, be aware of the scales: left-bottom for
YBCO and right-top for Nb.

2 inset, which implies that the first peak at the tilted
field is not due to a flux-line transition, but is related
to the lower critical field for vortices running parallel to
the surface. At 4.5 K, the peak positions are observed at
slightly smaller fields than they are at 2 K. This obser-
vation agrees with the SQUID magnetization study of a
Nb/Si multilayer by S. M. Yusuf et al. [11], but contrasts
with the torque magnetization measurements of S. H.
Brongersma et al. for a Nb/Cu multilayer [6]. Based on
the free-energy minimization calculation, the peak posi-
tions are determined by the characteristic lengths λL(T )
and ξ(T ). In order to understand the slight movement
of the peak positions at different temperatures, further
measurements of the temperature dependencies of λL(T )
and ξ(T ) with free-energy calculations are definitely nec-
essary.

The results from our Nb/Al multilayer investigation
were sufficient to show the interaction of the vortices
and the surface. However, we wanted to cross-check the
surface effect in other superconducting films. The mag-
netization measurements were carried out from a 2500-Å-
thick YBCO film (high-Tc superconductor) and a 1370-
Å-thick Nb film (conventional superconductor) under the
same conditions as for the measurements on the Nb/Al
multilayer. The magnetic moments are shown in Fig.
6. The preparations and characterizations of the YBCO
[17] and the Nb [18] films are published elsewhere. It
is quite interesting that we did not observe any peak
from the films although Hünnekes et al. [12] by using in-
ternal friction measurements reported the observation of
flux-line motions from a 2700-Å-thick YBCO film. There
could be several possibilities for the lack of flux-line tran-
sitions in our sample; no transition exists, there is no
sharp transition, the signal is too weak to be measured,
and other possibilities. However, we can still apply the
lower critical field models to the measurements. From
the data in Fig. 6, the lower critical fields were deter-
mined to be 7000 ± 500 Oe for the YBCO film and 1100

± 200 Oe for the Nb film. The lower critical fields for the
three cases, Nb/Al multilayer (t ' λL), YBCO film (t '
2λL), and Nb film (t ' 3λL), were calculated with dif-
ferent models and compared with the measurements, as
shown in Table 2. The characteristic lengths were taken
from previous studies [1,18–20]. The calculations show
that Abrikosov’s and Brongersma’s models agree with
only the Nb case because Abrikosov’s model is not ap-
plicable for a superconductor with a smooth surface and
Brongersma’s model is limited to thin films (t < λL).
Only our model agrees well with the measurements from
all three superconducting films. From the free-energy
calculation for the Nb film (not shown here), we found
that the surface effect was negligible because of a rela-
tively large vortex core size (ξ ' 250 Å).

IV. DISCUSSION

Using the free-energy calculation, we confirmed that
the second and third peaks correspond to flux-line tran-
sitions and that the first peak is related to the paral-
lel lower critical field (Hc1‖e) for the equilibrium condi-
tion. A sudden change of vortex density for a spatial
rearrangement at a matching field can explain the peaks
in the M − H curve, as shown in the inset at Fig. 2.
However, one might question whether the vortex rota-
tion could create the peak because the rotation angle is
small, only a few degrees. We have a mechanism for the
vortex rotation. It is well known that vortices can enter
a thin-film superconductor at a small field when the field
is applied perpendicular to the surface [4]. For a tilted
field of Hsinθ > Hc1⊥, the vortices can enter the super-
conductor with help from the perpendicular component
of the external field and run along the applied field due
to the dragging force produced by the external field [21].
However, the vortices cannot run parallel to the film sur-
face because the free energy of the system prevents the
vortices from running parallel to the surface until Hcosθ
> Hc1‖e. At Hcosθ ' Hc1‖e, the vortices are allowed
to run parallel to the surface to reduce the free energy.
At this point, the vortices existing nearly parallel to the
surface are slightly rotated to be parallel to the surface.

In this scenario, the magnetization might change a
small amount because the maximum difference is Φo(1
− cos 2.5◦) per vortex. However, we find that a large
demagnetization effect enhances the change of the mag-
netization by more than two orders of magnitude, due
to the vortex rotation [16, 18]. For Hc1⊥ < Hsin θ and
Hcosθ < Hc1‖e, the perpendicular magnetic field due to
vortices is nΦosinθ/(1 − N), where n is number of vor-
tices per unit area and N is the demagnetization factor,
which is 0.9986 ± 0.0011 for our sample geometry [18].
As the vortices rotate to become parallel to the surface,
the perpendicular component of the magnetic field due
to the vortices will vanish with the demagnetization. It
is possible that some vortices are entering directly from
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Table 2. Lower critical fields were calculated with different models described in the text. In the calculation, we used t =
2020 Å, λL = 1800 Å, and ξ = 113 Å for the Nb/Al multilayer, t = 2500 Å, λL = 1400 Å, and ξ = 16 Å for the YBCO film,
and t = 1370 Å, λL = 490 Å, and ξ = 250 Å for the Nb film.

Specimen Hc1 for a bulk Abrikosov’s [15] Brongersma’s [6] our model measured µoHc1‖

Nb/Al multilayer 147 Oe 850 Oe 935 Oe 1100 Oe 1100 ± 100 Oe

YBCO film 380 Oe 1198 Oe 1051 Oe 7197 Oe 7000 ± 500 Oe

Nb film 622 Oe 1056 Oe 1193 Oe 1005 Oe 1000 ± 200 Oe

outside instead of rotating at H = Hc1‖e. However, vor-
tex entrance from the outside only cannot generate the
observed peak because the magnetic field due to vortices
is positive for an ascending field, and vortex entrance
will reduce the negative magnetization of the supercon-
ductor. This means that the peak should move in a direc-
tion opposite to that in Fig. 5 if the peak corresponds to
vortex entrance from outside. A transition of flux lines
from being parallel to being perpendicular to the sur-
face has been observed in a Nb film for descending fields
[18]. Based on the two systems, a Nb/Al multilayer and
a Nb film, we might conclude that vortices could choose
either direction, parallel or perpendicular, depending on
the free energy, for a field applied nearly parallel to the
surface.

Although previous studies and this work have been
quite successful in understanding the vortex-surface in-
teraction, macroscopic measurements for the study of the
vortex distribution are limited because the distribution
of vortices is predicted from measured peak positions and
the model calculations. There are many unknown pa-
rameters which might prevent the observation of a peak.
Furthermore, this study showed that a peak might not
be related to a flux-line transition. In order to better
understand the vortex-surface interaction, we need mi-
croscopic measurements to directly observe the vortex
positions. Spin-polarized neutron reflectivity, which is
sensitive to the spatial gradient of the magnetization in a
film, might be a promising tool for such a vortex-surface
interaction study [16,18,20].

V. CONCLUSIONS

The peak positions observed in the SQUID magnetiza-
tion measured for a Nb/Al multilayer (t ' λL) were suc-
cessfully predicted by using a free-energy minimization.
These peaks correspond to flux-line transitions driven
by the surface effect and the flux-line mutual interac-
tion. Because the vortex-surface interaction is repulsive,
vortices first stay in the middle of the multilayer and
consecutively change to 2 rows, 3 rows and more rows as
the field is increased. For a sample with the applied field
tilted, a low-field peak in the magnetization was identi-
fied as corresponding to a lower critical field parallel to
the surface, and the value of the transition field agreed
well with the calculated value for the equilibrium state.

The applied field drags the flux lines, and helps rotate
the flux-lines running parallel to the surface. Demagne-
tization enhances the effect of flux-line rotation at H =
Hc1‖e.
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